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We investigate mechanical mode coupling between the four fundamental flexural modes of two doubly-
clamped, high-Q silicon-nitride nanomechanical string resonators. Strong mechanical coupling between the
strings is induced by the strain mediated via a shared clamping point, engineered to increase the exchange of
oscillatory energy. One of the resonators is controlled dielectrically, which results in strong coupling between
its out-of-plane and in-plane flexural modes. We show both, inter-string out-of-plane-in-plane and 3-mode
resonance of the four coupled fundamental vibrational modes of a resonator pair, giving rise to a simple and
a multimode avoided crossing, respectively.
In recent years strain coupling has been explored as a
versatile means to couple the flexural modes of a nanome-
chanical resonator to other degrees of freedom1–3, as
well as to other mechanical modes4–7. While strain cou-
pling is usually relatively weak4–6, the strong coupling
regime of two nanomechanical modes has been achieved
taking advantage of internal resonance7. Alternatively,
strong coupling of strain coupled modes has been accom-
plished by additionally establishing a dynamical, para-
metric coupling8–13, even though we note that this is
not in the focus of the present manuscript. Strongly
coupled modes offer interesting prospects for sensing
applications14,15. Furthermore they constitute a mechan-
ical two-mode system11,16,17 which allows to address and
explore quantum-classical analogies. In addition, the
nonlinear response of strongly coupled modes allows to
study injection locking phenomena12,18,19 and chaos20.
While many of these effects can be studied using the
strongly coupled modes of a single resonator16,17, the
strong coupling of different resonators11 may be advanta-
geous for addressing the individual subsystem. In partic-
ular, strain-mediated coupling schemes, which have pre-
viously been mainly employed to realize modal coupling
within a single resonator4–7,21 can be adapted to enable
inter-resonator coupling20,22. Even more the possibility
to couple adjacent resonators11,23,24 allows for scaling to-
wards resonator arrays13,25–27 which entails the prospect
to achieve multimode coupling architectures.
Here we present strong intrinsic coupling of the four fun-
damental vibrational modes of a pair of two parallel,
doubly clamped, high-stress (∼1.46 GPa) silicon-nitride
string resonators sharing one clamping point. One of
the two resonators is flanked by a pair of adjacent gold
electrodes for dielectric actuation28 and tuning29 of both
in-plane (IP) and out-of-plane (OOP) modes of the re-
spective resonator, while the eigenmodes of the second
resonator remain largely unaffected. The shared clamp-
ing point is engineered to support the exchange of vibra-
tional energy from the driven resonator (resonator 1) to
the non-driven resonator (resonator 2). This is accom-
plished by tailoring the mechanical impedance mismatch
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FIG. 1. (color online). a) False color SEM micrograph of
an array of pairs of freely suspended doubly clamped sili-
con nitride string resonators (green) with gold electrodes (yel-
low) for dielectric actuation and frequency tuning. b) Shared
clamping region of a pair of resonators showing the coupling
window including the coupling beam and the window ledge.
The undercut of the device is 300 nm. All parts of the window
structure are freely suspended. c) Finite element simulation of
the squared normalized local amplitude 2 (color scale) of the
vibrational strain field in the clamping region for OOP and
IP fundamental modes with coupling window (left) shows en-
hanced strain field extension compared to the layout without
a window (right), respectively.
between resonator and clamping point30 to enable the
strain fields of both to overlap in the clamping region.
Using DC voltage mediated dielectric tuning we are able
to bring either two, or even three vibrational modes of
the system in resonance. The resulting avoided crossings
clearly demonstrate the underlying strong intermodal
coupling. We employ an analytic model of four coupled
harmonic oscillators to fit the measured avoided crossing
diagrams and extract the observed coupling strengths.
This model is also used to calculate the mode polariza-
tion, which reveals in- and out-of-plane components of
the hybridized normal modes at resonance.
Figure 1a and b display scanning electron micrographs
of the 180 nm wide, 100 nm thick and 53µm long sil-
icon nitride strings. The window structure in the
ar
X
iv
:1
70
7.
02
92
6v
3 
 [p
hy
sic
s.a
pp
-p
h]
  2
 O
ct 
20
17
2shared clamping point is chosen such that the exten-
sion of the squared normalized local amplitude 2 of
the vibrational strain field induced in the clamping
area is maximized. The window in the 16µm x 16 µm
large clamping point has dimensions of 4 µm x 8 µm
of width and height. The central coupling beam and
the window ledge are 200 nm and 300 nm in width,
respectively. The device has an undercut of approx.
300 nm, such that all parts of the window are freely sus-
pended. The resonance frequencies of resonators 1 and
2 are found at ω1O/2pi= 6.37 MHz, ω1I/2pi= 6.62 MHz,
ω2O/2pi= 6.50 MHz and ω2I/2pi= 6.75 MHz, where O
corresponds to the out-of-plane mode and I to the in-
plane mode, respectively. Even though both resonators
are nominally identical such that their eigenfrequencies
should coincide, we observe separate resonances for both
resonators since fabricational imperfections result in a
frequency mismatch of 1-2 %. The presence of the win-
dow does not affect the quality factor of the system which
is about 200,000 in vacuum and at room temperature.
Figure 1c shows finite element simulations of the squared
normalized local amplitude 2, which is indicative of the
strain distribution in the clamping region. While the
strain produced by the two resonators remains local with-
out the window structure, the strain fields overlap in the
window both for the IP and OOP mode allowing the
resonators to exchange vibrational energy. The simula-
tions also reveal that the presence of the window affects
the magnitude of 2, which is enhanced by two orders of
magnitude for the OOP mode and by one order of mag-
nitude for the IP mode.
We use standard interferometric displacement detection
to simultaneously probe all four fundamental eigenfre-
quencies of the system. First we discuss the case of a
two-mode resonance between the two resonators. Figure
2 shows the frequency response of the resonator pair as
a function of the DC voltage applied to the electrodes
flanking resonator 1. The eigenmodes are dielectrically
driven by RF voltage noise at -10 dBm drive power, while
the individual spectra are obtained by a spectrum ana-
lyzer. Variation of the DC voltage yields a quadratic
dielectric tuning of two of the four frequency branches
which allows to identify these branches with the eigen-
modes of resonator 1. The softening/stiffening behavior
allows to distinguish between IP and OOP polarization29.
Resonator 2 is actuated only indirectly via induced strain
by the motion of resonator 1 since reference measure-
ments have shown that for this resonator geometry the
force of the stray electrical gradient field of the elec-
trodes surrounding resonator 1 on resonator 2 is neg-
ligibly small. This is confirmed by numerical simula-
tions which yield forces per unit length of 10−5 N/m
(10−6 N/m) for the OOP (IP) mode of resonator 1, but
10−8 N/m for OOP and IP of resonator 2, what is at
least two orders of magnitude smaller. A pronounced
avoided crossing is apparent in Fig. 2 at a DC voltage
of about 17.2 V, which can be assigned to the resonances
between the IP mode of resonator 1 and the OOP mode
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FIG. 2. (color online) Two-mode resonance: DC voltage
sweep of resonator 1 shows avoided crossing between OOP
mode of resonator 2 (mode 2O) and IP mode of resonator 1
(mode 1I), leading to the hybridized normal modes B and C,
while the OOP mode of resonator 1 (1O) and the IP mode of
resonator (2I) remain largely unaffected (mode A and D, re-
spectively). Color scale shows logarithmic signal power. The
fit of the analytic model (blue dashed lines) yields a coupling
strength of g2O,1I/2pi= 29.7 kHz. The black arrows show the
respective mode polarization of modes A, B, C and D at a
DC voltage of 17.2 V (l : OOP, ↔ : IP), grey arrows show
the inverse to illustrate the vibration of the strings.
of resonator 2 (1I and 2O, respectively). This identifica-
tion is confirmed by an analytical model which extends
the classical equations of motion of two strongly coupled,
undamped harmonic oscillators31 to the case of four os-
cillators with masses mi, spring constants ki and complex
coupling constants κij (i, j = 1, 2, 3, 4, where i 6= j and
ij = ji)
miu¨i + kiui +
∑
i 6=j
κij (ui − uj) = 0 (1)
where ui is the deflection of the i-th oscillator. The com-
mon ansatz ui = u
0
i exp (−iωt) is used and we express
κij in terms of the coupling strength
31 gij with
gij =
κij√
ωiωjmimj
. (2)
For the case of the two nominally identical string res-
onators under investigation the effective masses of all
four modes coincide, mi = 0.5ρV (ρV being the phys-
ical mass of each string), and we finally obtain a set of
four equations for the angular eigenfrequencies ωi
ω2i = ω
2
i0 +
√
ωi
∑
i 6=j
gij
√
ωj
 . (3)
Here ωi0 =
√
ki/m are the tuning voltage (Udc)
dependent angular frequencies in absence of coupling
3ωi0(Udc) = ω
∗
i0 + 2pi(ci(Udc−Ui0)2 +di(Udc−Ui0)3) with
ω∗i0 being the intrinsic angular eigenfrequency in absence
of coupling and ci and di are the quadratic tuning fac-
tor and a cubic correction. The indices i and j can be
identified with the fundamental modes of the two res-
onators: i= 1 : 1O, i= 2 : 2O, i= 3 : 1I and i= 4 : 2I. Note
that the dielectric tuning of the modes of resonator 1 is
at least two orders of magnitude larger than for resonator
2 (c1, c3  c2, c4), as a consequence of the strongly sup-
pressed dielectric force on resonator 2. The offset Ui0 de-
notes an eventual shift of the frequency tuning parabola,
which can arise e.g. from a static polarization of a res-
onator.
We employ a genetic algorithm32–34 to reliably fit this
model to our data. To this end we extract ωi0 from our
measured data and use ω∗i0, ci,di, Ui0 and gij as fit param-
eters. Fitting our model (dashed blue lines in Fig. 2) to
the measurement data we achieve very good agreement.
We find a coupling strength g2O,1I/2pi= 29.7 kHz which
exceeds the modes’ linewidths in the range of 70-80 Hz
by more than two orders of magnitude, confirming that
the system is deeply within the strong coupling regime.
We can also solve the eigenvalue problem of eq. 3 to
obtain the corresponding eigenvectors ~vi
~ui(t) =
∑
i 6=j
~vi(t)α cos(ωj · t+ φj), (4)
(parameters α and φj are determined by initial condi-
tions). The solution of the eigenvalue problem yields the
contributions of resonator 1 and 2 to each polarization
vector and thus to the mode polarization. When the
modes are in resonance, we can distinguish between in-
phase (both polarization vectors pointing along the posi-
tive, or negative direction of the I-O axes defined in Fig.
2 ) and out-of-phase (one polarization vector pointing in
negative and one in positive I-O axis direction) hybrid
normal modes in analogy to the symmetric and antisym-
metric normal modes of two coupled resonators11. In the
following, we discuss the mode polarization of the four
modes at the voltage of the avoided crossing, 17.2 V, la-
belled A,B,C,D in Fig 2. As mode 2I does not contribute
to the avoided crossing, it exhibits a clear in-plane mode
polarization throughout the whole voltage sweep such
that mode D can be directly identified with mode 2I. Sim-
ilarly, mode 1O shows clear out-of-plane polarization and
only starts to hybridize with mode 2O near 21 V, at the
edge of the accessible tuning range. Therefore mode A
can be identified with mode 1O. Looking at the mode po-
larization (black arrows) in the avoided crossing, we find
that mode C belongs to a hybrid in-phase mode and mode
B belongs to a hybrid out-of-phase mode. So clearly the
observed avoided crossing is reminiscent of strong inter-
string coupling, confirming that the engineered clamping
region enhances the strain-mediated intrinsic coupling of
the two strings.
Depending on the intrinsic frequency differences between
the modes and the quadratic tuning behavior of the res-
onances it is possible to get one step further and demon-
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FIG. 3. (color online) Three-mode resonance: DC voltage
sweep of resonator 1 shows multimode avoided crossings be-
tween 1O, 2O and 1I, giving rise to the hybrid modes A,
B and C. Mode 2I is not involved in the 3-mode resonance
(mode D). Signal amplitude is plotted on a logarithmic color
scale. The analytic model (blue dashed lines) yields coupling
strengths of g1O,2O/2pi= 130 kHz and g2O,1I/2pi= 60 kHz, as
well as g1O,1I/2pi= 50 kHz. The black arrows show the respec-
tive mode polarization (l : OOP, ↔ : IP) for a DC voltage
of 13.4 V, grey arrows show the inverse.
strate a 3-mode resonance of the two resonators. Figure
3 shows a voltage sweep from -21 to 21 V. Note that the
spectra in Fig. 2 and Fig. 3 have been obtained from
the same resonator pair. The transition from simple 2-
mode to 3-mode resonance is enabled by a shift of the
tuning curves of resonator 1, i.e. an offset of the vertices
U10 and U30 induced by exposing the resonator to a large
DC voltage over 24 hours. This shift is attributed to the
buildup of static dipoles in the SiN material of resonator
1 and can be reversed by venting the vacuum chamber.
The measurement shown in Fig. 3 was performed with
a vector network analyzer at a constant drive power of
-10 dBm. We find avoided crossings between mode 2O
and 1I at about 11 V, between mode 1O and 1I be-
tween 11 and 16 V, as well as an avoided crossing be-
tween modes 1O and 2O at about 16 V. Note that
the coupling strengths in the 3-mode resonance can not
be easily set equivalent to the frequency splitting be-
tween the modes. Fitting eq. 3 to the data yields cou-
pling strengths g1O,2O/2pi= 130 kHz, g2O,1I/2pi= 60 kHz
and g1O,1I/2pi= 50 kHz, again all deep in the strong cou-
pling regime. Mode 2I remains far from resonance with
the other modes. We also observe, that the resonances
become highly nonlinear in the coupling region as appar-
ent from their asymmetric intensity profiles.
Since the vibrational modes of resonator 2 are only very
slightly affected by the electrical gradient field, we can as-
sume the coupling between modes from resonator 1 and
2 to be of pure mechanical character, whereas the inter-
modal coupling of resonator 1 is dielectrical16. Hence
the 3-mode resonance reveals that both coupling chan-
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FIG. 4. (color online). a: Finite element simulation
of the OOP-OOP coupling strength for different coupling
beam widths from 0 to 600 nm. b: Simulated coupling
strength for window ledge widths from 100 to 600 nm.
For the window geometry under investigation (coupling
beam width 200 nm and window ledge 300 nm) a coupling
strength of g1O,2O/2pi= 115 kHz is obtained (hollow mark-
ers), which agrees well with the experimentally observed
g1O,2O/2pi= 130 kHz (Fig. 3).
nels can be combined to generate multi-mode coupling
architectures.
Looking at the calculated mode polarizations at 13.4 V
(Fig. 3), i.e. in the region of the 3-mode resonance, we
find out-of-phase hybrid modes A and B, with opposing
relative phase. Mode C can be identified as an in-phase
hybrid mode. Overall considerations of the mode polar-
izations throughout the whole voltage sweep, which are
not shown here, indicate that the lowest branch starts
out as a pure out-of-plane mode (1O) at -21 V, hybridizes
into mode A and ends up an in-plane mode (1I) at 21 V.
The third branch shows the reverse behavior: starting
from in-plane (1I) at -21 V, hybridizing into mode C and
turning into an out-of-plane mode (1O) when reaching
21 V. For the second branch the transition through the
coupling region is more complex: starting out as an out-
of-plane mode (2O) at -21 V it starts to hybridize with
1I before transforming into mode B, which in turn hy-
bridizes with 1O and finally transforms back into an out-
of-plane mode (2O). Note that the fourth branch remains
the 2I mode throughout the whole sweep, since it can not
be tuned in resonance with any other mode, such that
mode D can be identified with 2I.
In order to further tune and manipulate the resonator
system, it is necessary to control not only the dielec-
tric intra-resonator but also the strain-mediated inter-
resonator coupling strengths. Therefore we numerically
explore the impact of the window geometry on the out-
of-plane and in-plane frequencies of two identical res-
onators. Figure 4 shows a finite element simulation of
the coupling strength between the out-of-plane modes of
the resonators as a function of the coupling beam width
(Fig. 4a) and the lower window ledge width (Fig. 4b).
The coupling of these modes corresponds to the coupling
of modes 1O and 2O in our system. The geometry and
dimensions of the simulated structure match the experi-
mentally explored device for the case of the hollow data
point in Fig. 4a and b. The widths of the coupling beam
and the window ledge are varied from 100 to 600 nm and
we also consider the case of no coupling beam (0 nm).
Note that a coupling beam or window ledge wider than
600 nm will no longer be freely suspended for the given
undercut of 300 nm, which will immediately decrease the
coupling to near zero (not shown). For decreasing win-
dow ledge width we find a strong increase of the coupling
strength from 80 kHz to 160 kHz in Fig. 4b. For de-
creasing coupling beam width, the coupling strength is
predicted to increase from 100 kHz to 130 kHz accord-
ing to Fig. 4a. For the experimental sample dimen-
sions of a window ledge width of 300 nm and a coupling
beam width of 200 nm, the simulated coupling strength is
g1O,2O/2pi= 115 kHz. This agrees very well with the ex-
perimentally obtained g1O,2O/2pi= 130 kHz (see Fig. 3).
Hence, changing the coupling beam and window ledge
widths will allow to tune the inter-resonator coupling
strength. In combination with a careful choice of the res-
onator dimensions as well as the electrical field gradients,
this will allow to adjust all parameters of the multi-mode
system.
In conclusion, we demonstrated strong strain-mediated
intrinsic coupling between two silicon-nitride string res-
onators via an engineered joint clamping point. Tuning
the resonance frequencies of the first, dielectrically driven
resonator allows to bring two or even three modes of the
two resonators in resonance, showing multiple avoided
crossings. An analytical model describes the behavior of
the coupled system with excellent agreement and enables
us to evaluate not only the coupling strength, but also
the polarization of the vibrational normal modes even in
complex coupling situations. Simulations show that the
inter-resonator coupling strength of the system can be
controlled by varying the widths of the coupling beam
and the window ledge. Future experiments will include a
third electrode flanking resonator 2, which will allow for
independent frequency tuning of both resonators. Ulti-
mately, the resulting architecture will allow to adjust the
coupling behavior of arbitrary modes at will, enabling
the realization of larger nanomechanical arrays25,26 for
studying the dynamics of resonator networks. Such res-
onator networks are of immediate interest not only for
the study of synchronization effects, but also for ex-
ploring the coherent dynamics of mechanical multimode
systems, including mode propagation or frequency and
mode transformation. In particular, tailoring the res-
onator interaction as well as the array geometry will al-
low to realize mechanical metamaterials with the poten-
tial to explore non-reciprocal properties26 or topological
effects35–37.
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